Abstract. The PTOLEMY project aims to develop a scalable design for a Cosmic Neutrino Background (CNB) detector, the first of its kind and the only one conceived that can look directly at the image of the Universe encoded in neutrino background produced in the first second after the Big Bang. The scope of the work for the next three years is to complete the conceptual design of this detector and to validate with direct measurements that the non-neutrino backgrounds are below the expected signal from the Big Bang. In this paper we discuss in details the theoretical aspects of the experiment and its physics goals. In particular, we mainly address three issues. First we discuss the sensitivity of PTOLEMY to the standard neutrino mass scale. We then study the perspectives of the experiment to detect the CNB via neutrino capture on tritium as a function of the neutrino mass scale and the energy resolution of the apparatus. Finally, we consider an extra sterile neutrino with mass in the eV range, coupled to the active states via oscillations, which has been advocated in view of neutrino oscillation anomalies. This extra state would contribute to the tritium decay spectrum, and its properties, mass and mixing angle, could be studied by analyzing the features in the beta decay electron spectrum.
Introduction
The Universe has expanded by a factor of over one billion between the early thermal epoch known as the neutrino decoupling stage and the present day. We observe this dynamics in many forms: the recession of galaxies (Hubble expansion), the dim afterglow of the hot plasma epoch, the Cosmic Microwave Background (CMB), and the abundances of light elements during Big Bang Nucleosynthesis (BBN). The epoch of neutrino decoupling produced another pillar of confirmation, the Cosmic Neutrino Background (CNB), perhaps one of the most important not-yet-probed predictions of the standard cosmological model. Because of the similarities shared with the CMB, its properties are theoretically expected to be very close to those of the photon background. In the so called instantaneous decoupling limit, i.e. assuming that neutrino weak interactions become slower than the Hubble rate instantaneously, we have a simple expression for the average number density per neutrino state today with a neutrino temperature T ν,0 1.95 K, and where the subscript '0' refers to the present epoch. Actually, the CNB spectrum is expected to deviate from the one obtained considering a perfect Fermi-Dirac distribution at the percent level [1, 2] . The reason is the partial overlap of the last stage of neutrino decoupling and the first instants of e ± annihilations in the primeval plasma. The same density is also shared by antineutrino species, assuming a vanishing neutrino-antineutrino asymmetry. This assumption is well justified since the ratio of neutrino asymmetry is strongly constrained by comparing the theoretical description of the BBN stage with astrophysical determinations of both primordial 4 He and deuterium nuclei, −0.71 ≤ L ν ≤ 0.054 [3, 4] , where L ν is the total neutrino asymmetry, summed over the three flavors, normalized by the photon number density n γ . Actually, the neutrino asymmetry in the standard baryogenesis through leptogenesis model is expected to be much smaller than this bound, of the order of the baryon density today, n B /n γ ∼ 6 · 10 −10 .
The CNB acts as a source of gravity through its pressure and energy density, which are usually cast in terms of the effective number of relativistic neutrinos N eff = 8 7
4
4/3 ρ ν ρ γ (1.2) with ρ ν (ρ γ ) being the neutrino (photon) energy density. The theoretical value for this parameter including the small non thermal distortion to CNB is N eff = 3.045 [1, 2] , in good agreement with the bounds coming from the BBN and the Planck experiment [5] , which thus constrain any extra contribution to the radiation energy density due to exotic relativistic species and/or non standard features in the neutrino momentum distribution. We know from neutrino flavour oscillation experiments, performed over more than thirty years, that at least two of the three standard neutrinos are massive particles. While the (squared) mass differences are very well measured today, we are still ignorant of the absolute mass scale, set by the lightest neutrino mass eigenstate, and the mass ordering, which is related to a possible hierarchy of the mass spectrum (see e.g. [6] ). One of the best ways to measure the absolute neutrino mass scale is through the study of the endpoint of the β decay of some convenient atoms, such as tritium and holmium. The bound on the effective mass entering the tritium β decay, m β , obtained by studying the emitted electron energy spectrum near the endpoint, is presently m β < 2 eV [7] , but the KATRIN experiment is expected to improve this bound by an order of magnitude in the near future, or obtain a measure if m β is at the level of fractions of eV [8] . Other future experiments such as ECHo [9] , HOLMES [10] or Project-8 [11] will also study the β decay end-point of Holmium or atomic tritium, respectively, to obtain constraints on the neutrino mass scale.
Interestingly, this range of neutrino masses can also be scrutinized using cosmological observations. In fact, neutrinos have cooled during the expansion of the Universe and their presence and masses can be indirectly felt through the action of their diminishing thermal velocities on large-scale structure formation. In particular, Planck data constrain the sum of the three neutrino masses via the lensing power spectrum and the lensing effects on CMB anisotropies. Denoting with m i is the mass of the i-th neutrino mass eigenstate, the bound on the sum of the neutrino masses is presently in the range i m i < (0.24 − 0.54) eV when considering CMB observations only [5] , depending on the data which are used in the analysis and on the adopted cosmological model (see also [12] [13] [14] ). We notice that since massive neutrinos became non-relativistic at a certain time, depending on their absolute masses, they can be gravitationally trapped under the effect of large enough gravitational potentials [15] [16] [17] , and this enhances the local density at the Earth with respect to the homogeneous value n 0 . This is quite important for their direct detection perspectives, since the signal rate is proportional to their density.
Experimental advances both in the understanding of massive neutrino physics and in techniques of high sensitivity instrumentation have opened up new opportunities to directly detect the CNB, an achievement which would profoundly confront and extend the sensitivity of precision cosmology data. The aim of the PTOLEMY project [18] is to develop a scalable design for a CNB detector, the first of its kind and the only one conceived that can look directly at the neutrino background. The scope of the work for the next three years is to complete the blueprint of the Cosmic Neutrino detector and to validate that the non-neutrino backgrounds are below the expected signal from the Big Bang with a direct measurement. An array of detectors of this design could reach discovery sensitivity for the CNB. The number and deployment of these detectors around the world will depend on the next phase of PTOLEMY developments, described in [18] . Yet, the physics case of the experiment is quite wide, including, as another major goal, the measurement of the standard neutrino absolute mass scale, in a way similar to that of the KATRIN experiment [8] . Moreover, some non standard scenarios could be tested, also in the preliminary phases of development of PTOLEMY. For example, it has been suggested that targets of graphene layers or nanotubes could be used for directional detection of dark matter candidates with mass in the MeV range [19, 20] . While for the neutrino physics studies PTOLEMY will need tritium to be attached to the graphene, a preliminary phase without tritium or a separate detector with the same structure could be used to perform directional detection of dark matter and in the meantime test the target energy resolution of the PTOLEMY pipeline. This possibility will be studied elsewhere. Another interesting issue concerns the physics of sterile neutrino states with masses both in the eV and keV mass ranges. Sterile eV neutrinos which mix with active states have been suggested since the LSND results [21] to solve some anomalies in neutrino oscillation experiments (short baseline data, reactor anomaly and gallium anomaly) [22] [23] [24] and their existence would have cosmological implications, see e.g. [25] . On the other hand, neutrino states with a mass in the keV range are excellent warm dark matter candidates [26, 27] . Finally, one of the key ingredients for having reliable predictions for the expected signals is to have a precise determination of the polarized and unpolarized tritium weak processes, see e.g. Refs. [28, 29] for the unpolarized case, which can also be tested using PTOLEMY.
In this paper we discuss in detail the theoretical aspects of the experiment, its neutrino physics goals. We study the sensitivity of PTOLEMY on neutrino mass detection, CNB detection and signals or bounds on sterile neutrinos with masses in the eV range, as a function of the expected energy resolution on the outgoing electrons and the employed mass of the tritium source. The scenario of keV neutrinos as warm dark matter candidates and their imprint on tritium spectrum, well below the Q value of the decay, will be considered elsewhere. In particular, the paper is structured as follows. In Section 2 we introduce the formalism used in the analysis and describe how the finite electron energy resolution is taken into account. In Section 3 we illustrate our method, the Bayesian analysis we use to obtain forecasts of the experiment sensitivity. In Section 4 we then apply this analysis to the lightest neutrino mass parameter, showing the PTOLEMY discovery potential for the neutrino mass scale as a function of the tritium sample mass. We then study in Section 5 the perspectives of the experiment to detect the CNB via neutrino capture on tritium as a function of the neutrino mass scale and the energy resolution of the apparatus. The scenario of an extra sterile neutrino with mass in the eV range, coupled to the active states via oscillations, is considered in Section 6, where we describe how its properties, mass and mixing angle, could be constrained by analyzing the β decay electron spectrum. Finally, we present our conclusions and outlooks in Section 7.
Beta decay and neutrino capture
The PTOLEMY approach to detect the CNB exploits the neutrino capture processes on β-unstable nuclei [30] [31] [32] , like the one with tritium
In fact, tritium has been chosen among other target candidates because of its availability, lifetime, high neutrino capture cross section and low Q-value [31] . The smoking gun signature of a relic neutrino capture is a peak in the electron spectrum above the β decay endpoint.
Because flavour neutrino eigenstates are a composition of mass eigenstates with different masses, while propagating, relic neutrinos quickly decohere into those, in a time scale less than one Hubble time [33] . Therefore, the capture rate of relic neutrinos by tritium nuclei
2) must be computed from the capture rates, Γ i , of the different neutrino mass eigenstates ν i : 3) where N T = M T /m3 H represents the number of tritium nuclei in a sample of mass M T of this element, U ei are the mixing matrix elements, p ν is the neutrino momentum, v ν is the neutrino velocity as measured at Earth, σ(p ν ) is the momentum-dependent cross section and f ν i (p ν ) is the momentum distribution function of the neutrino eigenstate ν i . Since the CNB distribution in the phase space is very narrow, the integral reduces to
where n 0 is the average neutrino number density on large scales, see Eq. (1.1), and f c,i is the clustering factor, that is the local overdensity of these particles due to the gravitational attraction of our galaxy [15] [16] [17] . The quantityσ represents the average cross section for neutrino capture,σ
where m3 He ≈ 2808.391 MeV and m3 H ≈ 2808.921 MeV are the nuclear 1 masses of the 3 He and 3 H nuclei, respectively, and E e (p e ) is the electron energy (momentum). The cross section is written in terms of the "standard" Fermi (F ) and Gamow-Teller (GT ) matrix elements 2 . The Fermi function F (Z, E e ) describes the effect of the Coulomb attraction between a proton and the outgoing electron, which enhances the cross section. In order to account for this effect we use the approximation due to Primakoff and Rosen [36] , 6) where η = ZαE e /p e , Z = 2 is the atomic number of 3 He and α = 1/137.036 [7] is the fine structure constant. Notice the presence of the mixing matrix element U ei in the partial rate Γ i . This is due to the fact that only electron neutrinos intervene in the process (2.1), while relic neutrinos are found in their mass eigenstates. In the usual 3 neutrino parameterization [7] |U ei | 2 = (c where c jk = cos θ jk and s jk = sin θ jk , being θ jk the corresponding mixing angle. In our case, we use the best fit values s 2 12 = 0.32, s 2 13 = 2.16 (2.22) × 10 −2 for normal (inverted) ordering [37] (see also [38, 39] Notice that the expected event rate in equation (2.4) does also depend on the neutrino nature, being in general twice as large for non-relativistic Majorana neutrinos with respect to the Dirac case [40] . The reason is that, when neutrinos become non-relativistic while free-streaming, helicity is conserved contrary to chirality. In the Dirac case, this leads to a population of half the original amount of left-handed neutrinos that are left-chiral, and therefore able to be captured in tritium, while in the Majorana case the original right-handed neutrinos also contribute with a developed left-chiral component, which amounts to a twice larger local density of relic neutrinos that can be detected than in the Dirac case. This relative factor two, however, is exact only for non-relativistic relic neutrinos with standard interactions. Non-standard interactions (NSI) involving Dirac neutrinos, indeed, could change the event rate by a factor between 0.3 to 2.2, depending on the values of the parameters which describe the interactions beyond the standard model, while in the Majorana case the possible variation is restricted to a few percent [41] . This means that the Dirac case in presence of non-standard interactions could perfectly mimic the Majorana case. Moreover, if the lightest neutrino has an extremely small mass and is still relativistic today, the event rate is the same for both cases. Depending on the lightest neutrino mass, therefore, the event rate may change by a factor in the range 1-2, thus between the Dirac and Majorana cases, again considering only standard interactions [40, 42] . This factor changes the total number of expected events at PTOLEMY, which therefore could in principle be used to obtain information on the nature of the neutrino masses. Yet, this goal seems quite difficult to achieve, since the total event rate is also influenced by the cross section, which depends on the nature of the neutrino masses or NSI parameters, as well as on the clustering factor, a function of the neutrino masses and the local environment around Earth. This means that only through a precise calculation of the neutrino clustering and independent determinations of the NSI parameters would it be possible to disentangle the different effects.
Because of the finite experimental energy resolution, the main background to the neutrino capture process comes from the most energetic electrons of the β decay of tritium, since they can be measured with energies larger than the endpoint. To estimate the rate of such background, we need to account for the β decay spectrum [43] 
Defining y = E end,0 − E e − m i , with E end,0 the energy at the β decay endpoint for massless neutrinos,
To account for the experimental energy resolution ∆, we introduce a smearing in the electron spectrum. This is done using a convolution of both the CNB signal and the β decay spectrum with a Gaussian of full width at half maximum (FWHM) given by ∆. The smeared neutrino capture event rate Γ CNB then reads where m lightest is the mass of the lightest neutrino and E end is the energy at the β decay endpoint, E end = E end,0 − m lightest . In the same way, the smeared β decays reads
In Fig. 1 we show the expected event rates at energies close to the β decay endpoint for different neutrino masses and energy resolutions, and comparing the two possible mass orderings. Neutrino capture events can be resolved from the β decay background only for neutrino masses sufficiently larger than ∆, as expected. In the inverted ordering case (blue) it is interesting to note a kink in the β decay spectra due to the larger overlap of ν e with the heaviest mass eigenstates. The feature can be hardly observed in the normal ordering (red) as ν e has a much smaller mixing with ν 3 . This is also the reason why the CNB capture peaks have different heights, proportional to |U ei | 2 , see Eq. (2.10). For the smallest energy resolution we have considered, ∆ = 10 meV, the contributions due to the different mass eigenstates (ν 1 plus ν 2 , and ν 3 ) can be seen in the upper plots. In this case, it is also interesting to see that the peak due to the larger mass eigenstate, ν 3 for normal and ν 1 plus ν 2 for inverted ordering, has a larger amplitude in the latter case, making the situation more favorable due to the fact that most of the interesting events have a larger separation from the β decay background.
Data analysis method
To estimate the sensitivity of PTOLEMY to the neutrino mass scale we follow and adapt the procedure proposed in the KATRIN Design Report [8] and revisited from the Bayesian point of view in [44] , see also [45] . We consider here in detail the standard active neutrino states, but the analysis can be easily extended to include an extra sterile state with mass in the eV range, see section 6. Following the notation adopted in the previous section, we define the number of β decay and neutrino capture events within an energy bin centered at E i as
1)
with T the exposure time. In our Bayesian simulation we reconstruct the physical parameters given an initial fiducial model. We will indicate with hats the fiducial parameter values, while the quantities without hats refer to the varying parameters in the analyses. For the fiducial models we will select different values for lightest neutrino massm lightest , while the other masses (m i ) and mixing matrix (Û ) parameters, as well as the true endpoint of the β spectrum (Ê end ), are fixed according to the currently known best fit values 3 . For the fiducial model, the number of expected events per energy bin is given by:
The total number of events that will be measured in a bin is the sum ofN i and a constant background:
Here we will adopt a fiducial PTOLEMY background rateΓ b , so that the number of background events becomesN b =Γ b T . For the main purpose of direct detection of relic neutrinos, we require a background rate that must be much smaller than the one achieved in KATRIN, which is around 10 −2 Hz. A value that could be suitable to our purposes can beΓ b 10 −5 Hz, which will be adopted in the following. Larger background rates may not allow to distinguish the few signal events that are expected in the full-scale PTOLEMY configuration, but more detailed studies on the topic are left for future works. We then estimate the experimental measurement in each energy bin using the Asimov dataset, i.e. with no statistical fluctuations around the number of events computed using the fiducial parameter values [46] :
assuming a statistical error of N i t in each bin. Systematic errors will be studied using dedicated Monte Carlo simulations once the detector design will be more defined.
The simulated measurement is fitted in order to reconstruct the values of the theoretical parameters that describe the physical model. We introduce a normalization uncertainty on the number of β events (A β ), on the endpoint energy (∆E end ) and an unknown constant background (N b ). For these parameters we use linear priors in [37] . In order to test the perspectives for CNB detection, we multiply the capture event number by an unknown normalization A CNB , whose baseline value is one and for which we consider a linear prior A CNB ∈ [0, 5]. From the fitted value of A CNB one can in principle extract information on the Dirac/Majorana nature of neutrinos, on the cross section dependence on NSI and on the neutrino clustering. As already mentioned, however, this task will be challenging due to the degeneracy of the various effects and will not be explored in this work, where we only assess the statistical reach of the PTOLEMY setup. A direct detection of the CNB (or a measure of the lightest neutrino mass) at a given C.L. can be claimed if the credible interval for A CNB (or m lightest ) at that C.L. is found to be incompatible with zero. A more accurate test would require a comparison between the model with free A CNB and the model with A CNB = 0, for example using the Bayes factor or a maximum likelihood ratio. We have checked that the results of the two methods are approximately equivalent, with the model comparison method based on the Savage-Dickey density ratio [47] giving slightly more pessimistic results. Since the sensitivity of the PTOLEMY experiment will be more precisely assessed only when we will know the systematic uncertainties related to the detector, we do not go in further details here.
For sake of brevity, in the following we will indicate the list of theoretical parameters with θ = (A β , N b , ∆E end , A CNB , m i , U ). The theoretical number of events in the bin i therefore reads
In order to perform the analysis and fit the desired parameters θ, we use a Gaussian χ 2 function:
which will be converted into a likelihood function L for the Bayesian analysis according to
The Gaussian approximation is fully justified for the energy bins for which we have a large number of events, as expected for the β spectrum. We checked that the presented results for the expected sensitivity on the CNB detection, which mostly come from bins with a small number of events, do not change when a Poissonian likelihood is considered instead:
In the following series of simulations, we consider three possibilities for the detector mass. The full-scale PTOLEMY detector, aiming at the direct detection of the CNB, requires a tritium mass of at least 100 g, otherwise the event rate would be too small to be measurable. Such an amount of tritium is above the reach of current technology: the first phases of the experiment will therefore have a less ambitious goal, exploiting a smaller mass of tritium to test that the available techniques may allow to reach the final target. In order to demonstrate that the initial phases of the PTOLEMY project will offer interesting opportunities for studying neutrino properties, such as their mass and possibly the mass hierarchy, we will present some of the results considering both 1 g and 0.01 g of tritium mass. We adopt one year of data taking, an observed energy range betweenÊ min = E 0 − 5 eV andÊ max = E 0 + 10 eV and a constant background rate Γ b = 10 −5 Hz over the whole energy range.
We have verified that increasingÊ max has no impact on the results if the observed range is sufficient to cover the CNB events, while some effect may come from a differentÊ min . IfÊ min is decreased, the precision in measuring the β spectrum (its normalization and the endpoint) allows to slightly improve the sensitivity on the neutrino parameters, but this comes at the price of a larger number of events, which might be difficult to handle. On the other hand, anÊ min closer to the endpoint allows to reduce the β decay event rate at the expense of slightly worsening the precision on the neutrino mass determination. The best value forÊ min will be determined once the technical properties of the apparatus are defined more precisely.
A final comment is about the constant background rateΓ b . For an amount of tritium of 100 g, the number of events expected from the β decay is much larger than the background rate and the determination of the neutrino masses or the detection of a putative sterile neutrino will be possible even with a much largerΓ b . In other words, a much smaller tritium mass might be sufficient to measure the β spectrum over the background and achieve sensitivity to neutrino mass scale, as we will discuss later. Yet, a 100 g target mass andΓ b 10 −5 Hz are crucial to allow a detection of the relic neutrinos, due to the extremely small cross section.
To perform the analysis, we have adapted the generic Markov Chain Monte Carlo (MCMC) sampler used in CosmoMC [48] . The theoretical parameters that we will try to reconstruct are: the lightest neutrino mass m lightest , the normalization of the signal spectrum, the mass ordering, and, for scenarios with an extra sterile neutrino state, the squared mass difference ∆m 2 41 ∈ [0, 20] eV 2 and the mixing angle s 2 14 ∈ [0, 1].
Neutrino mass sensitivity and mass ordering
The full-scale PTOLEMY experiment is expected to have an impressive performance in reconstructing the fiducial value for the lightest neutrino mass, thanks to the large amount of tritium and the correspondingly large statistics. The 1σ statistical error obtained from the simulations is of the order of 10 −3 eV or below, with minimal dependences on the detector configurations described in [18] , energy range and background rate. Reasonably, the error slightly depends on the energy resolution of the experiment and on the value of the fiducial lightest neutrino mass, with smaller relative errors for larger masses. This can be seen in Fig. 2 , where we show relative statistical errors obtained when reconstructing a given fiducial lightest neutrino massm lightest , for different energy resolutions ∆ and 100 g yr of PTOLEMY data (lower panel). As we can see, PTOLEMY may distinguish the neutrino mass almost independently of the experimental energy resolution, which has a very small impact on the statistical error on m lightest . The reason is that a larger lightest neutrino mass does not only induce a shift in the endpoint of the β decay spectrum, but also a change in the normalization of the spectrum at all energies, which can be measured very well thanks to the very large event rate.
It is worth mentioning that already in the possible initial configurations of the detector, with lower tritium masses, PTOLEMY may have the ability to measure the neutrino mass. Considering scenarios with only 10 mg (upper panel) or 1 g (central panel) of tritium, PTOLEMY has the statistical reach for a determination of the neutrino mass even for m lightest = 10 meV, for which a 30% relative error on the true value of m lightest could be obtained, even with 10 mg of tritium and in the pessimistic case of ∆ ∼ 125 meV.
Another interesting result that PTOLEMY can obtain is the determination of the neutrino mass ordering. This is due to the fact that the shape of the β spectrum near the endpoint depends on the single mass eigenstates and on the mixing matrix elements as described in eq. (2.8) and already shown in Fig. 1 . Currently, neutrino oscillation data prefer normal ordering (NO, ∆m 2 31 > 0) over the inverted one (IO, ∆m 2 31 < 0), with a preference of more than 3σ [6] . For this reason, we will mostly focus on the NO case.
To estimate the capabilities of PTOLEMY in determining the mass ordering, we assume as fiducial values the best-fit mixing parameters obtained within NO [37] . We then fit the simulated experimental data using both the NO and IO best-fit mixing parameters and we compute the Bayesian evidence Z 4 . We will then have two cases: fiducial NO fitted using NO ( NO/NO for sake of brevity) and fiducial NO fitted using IO ( NO/IO). The PTOLEMY sensitivity on the mass ordering is then obtained using the Bayes factor:
The magnitude of the Bayes factor provides the strength of the preference for one of the two cases, while the sign of ln B ij indicates which of the two cases is preferred (case i if ln B ij > 0, case j if ln B ij < 0). If PTOLEMY is able to distinguish the two orderings, we expect the fit performed using the same case as the fiducial choice ( NO/NO) to be better than the one that assumes a different ordering with respect to the fiducial one ( NO/IO):
The significance of the preference in favor of NO can be quantified using the absolute value of the Bayes factor. In terms of its logarithm, the preference for NO is equivalent to a 3σ In Fig. 3 we show ln B N O NO,IO as a function of the fiducial lightest neutrino massm lightest and the energy resolution ∆. As we can see, PTOLEMY will be able to determine the mass ordering (if it is normal) in the non-degenerate region, while the distinction will not be feasible (ln B NO,IO is inconclusive) for neutrino masses above ∼ 0.18 eV. Even if the excellent sensitivity of PTOLEMY for the mass ordering may be unexpected, it has a very simple explanation. The β decay spectrum near the endpoint is significantly different for the normal and inverted ordering cases, due to the different role of the mixing matrix elements. The consequence is that when the lightest neutrino has a small mixing with the electron flavour (in the IO case), the number of events that one can observe close to the endpoint is significantly suppressed. Here we show only the estimates obtained for 100 g of tritium, but similar conclusions could be obtained when dealing with intermediate-scale experimental configurations. Considering only statistical errors, the count rate can change up to two orders of magnitude in the interesting region, as one can see in Fig. 4 , where we compare the spectra obtained with different lightest spectra diminishes, but not enough, if the neutrino mass is sufficiently small, to decrease below the statistical error and consequently completely lose the sensitivity to the mass ordering.
CNB detection
In this Section we investigate the possibility to detect the CNB capture events. As already mentioned, we fit the signal from CNB capture using a free normalization A CNB , see eq. (3.6), and we can claim a detection if A CNB can be distinguished from zero. Figure 5 shows the C.L. which can be achieved as a function of the different fiducial lightest neutrino masses and energy resolutions. As we can see, it is crucial to achieve a very good energy resolution, but this may be not enough if the neutrino masses are very small and the ordering of the mass eigenstates is normal. While smaller amounts of tritium may be sufficient to study the neutrino mass spectrum, experimental configurations with less than 100 g of tritium are not suitable for CNB searches, due to the too low event rate.
The situation does not change significantly if one takes into account the possible enhancement of the event rate due to the clustering of relic neutrinos in the local dark matter halo, or other effects that could increase the cross section of the process, such as a Majorana nature of neutrinos or the presence of NSI. The crucial point, in fact, is that these factors could help to increase the number of observed signal events only if the energy resolution allows to distinguish them from the β decay background, which has a many orders of magnitude larger rate.
We already noticed that direct detection of relic neutrinos is generally easier for inverted than for normal mass ordering, when the neutrino masses are small and the energy resolution is sufficiently good. This is due to the fact that the primary CNB peaks are shifted at higher electron energies, because m 1 and m 2 are larger (see Fig. 1 ). As a result, the perspectives of CNB detection at small neutrino masses are slightly improved in IO with respect to NO, see the bottom panel of Fig. 5 .
Sterile neutrinos
We now consider a more exotic scenario with an extra neutrino mass eigenstate ν 4 , with mass around an eV, mainly mixed with a new sterile neutrino flavour 5 . Data from both BBN and CMB are incompatible with a fully thermalized sterile neutrino with an eV mass and mixing angle as required to solve the oscillation anomalies in the three neutrino picture. In fact, this would turn into a larger radiation content in the early universe, a faster expansion rate given by the Hubble factor, which would change both primordial deuterium (and to a less extent 4 He) produced during BBN [51] and the relative distance of the first acoustic peak and the damping tail in the CMB power spectrum [7, 23, 25] . In particular, a comparison of primordial deuterium observations with the theoretical analysis constrains the sterile state number density to a factor less than 0.8 (at 95% C.L.) with respect to the active neutrino one, n 0 = 56 cm −3 . We have obtained this result using the BBN public code PArthENoPE 2.0 [52] and the most recent determination of deuterium, 2 H/H = (2.527 ± 0.030) · 10 −5 [53] . Notice that this result has been obtained exploiting in PArthENoPE 2.0 the theoretical ab-initio calculation of the d(p, γ) 3 He cross section from [54] .
The feasibility of a direct measurement of cosmological sterile states is strongly related to the theoretical model under consideration for the thermalization, which determines the average number density of the fourth mass eigenstate, and to the calculation of the clustering effect of the fourth neutrino, which might be quite large [16] . For this reason, we will not explore the possibility of achieving a direct detection of relic ν 4 with PTOLEMY in this work.
On the other hand, measuring the β spectrum would be extremely useful to constrain the new squared mass difference ∆m 2 41 and mixing angle s 2 14 through the suppression of the spectrum at energies above ∼ E 0 − ∆m 2 41 , emerging from eq. (2.8). Nowadays, modelindependent indications in favor of the presence of a distance-dependent effect that may be explained by oscillations of the electron flavor with a light sterile neutrino come from the preliminary results of the DANSS experiment [55, 56] , which gives a 2.8σ preference for a set of mixing parameters that are in full agreement with the results from NEOS [57] . Given the combination of model-independent short baseline neutrino oscillations from the DANSS and NEOS reactor experiments, the fourth neutrino mass eigenstate may have a mass defined by ∆m 2 41 1.29 eV 2 and a mixing angle s 2 14 0.012 [58, 59] . Considering these best-fit results as fiducial values in our analysis, we find that PTOLEMY would be able to confirm the presence of the sterile neutrino or reject its existence in case of no observation. Considering a fiducial model with ∆m 2 41 = 0 and s 2 14 = 0, we can get a marginalized 3σ limit s 2
14
10 −4 on the relevant mixing angle. In this case it is very useful to be able to measure a larger fraction of the β decay energy spectrum, since the suppression corresponding to the fourth neutrino starts to be relevant at energies ∼ E 0 − ∆m 2 41 , and what is crucial, thus, is to determine the normalization below and above this point. This helps to discriminate the contribution of the sterile neutrino from other effects.
In Figs. 6 (for the squared mass difference ∆m 2 41 ) and 7 (for the mixing angle sin 2 θ 14 ) we show the prospects for detecting a light fourth neutrino mass eigenstate with a small mixing with the electron neutrino, considering a wide range of fiducial new squared mass differences and mixing angles. For very small mixing angles PTOLEMY will hardly distinguish the effect of a new kink in the β spectrum, while a detection will be clearly possible given the current preferred values of the best-fit mixing parameters (see e.g. [58] [59] [60] [61] ), shown in black in the figure, even in the case of a small detector with only 10 mg of tritium (top panel). We also show in red the expected KATRIN sensitivity [62] , which is only marginally covering the present best-fit regions. The increase in statistics related to the larger tritium mass translates in a better sensitivity also for a light sterile neutrino search.
Conclusions and outlook
In this paper we have studied the discovery potential of an experiment like PTOLEMY on several aspects of neutrino physics. The PTOLEMY project has been first conceived as a unique possibility to detect the CNB, a robust prediction of the standard hot big bang model, which has been indirectly proven by several cosmological observables, like BBN and CMB anisotropies. Yet, since neutrinos are only weakly interacting and because of the very small kinetic energy of the CNB, their direct detection is still an extremely demanding challenge.
In fact, being based on the detection of neutrinos captured by tritium nuclei, a process with no energy threshold, PTOLEMY has a vast physics case, able to detect very low energy fluxes, and to provide constraints on neutrino properties, those of standard ones as well as of exotic sterile species. Furthermore, it was also realized that the PTOLEMY setup (but without tritium) could be a way to observe dark matter particles with masses in the MeV mass range, keeping track of their arrival directions [19, 20] , while the complete detector setup 41 from measurements of the β spectrum, assuming various fiducial values for the new squared mass difference and mixing angle, considering 10 mg yr (top panel), 1 g yr or 100 g yr (bottom panel) of PTOLEMY data. Black contours denote the 3σ constraints from NEOS and DANSS [58] , while the red line shows the 90% CL sensitivity which is expected for KATRIN [62] . sin 2 14 (with tritium) can also serve as a "laboratory" to test "ab-initio" theoretical predictions of few-nucleon systems, and therefore ultimately of the models for nuclear interactions and weak currents [63] . Our analysis has been focused on three issues. What is the PTOLEMY sensitivity to the neutrino mass scale? What is its discovery potential of CNB? What are the prospects to constrain (or exclude) extra sterile neutrino states which are mixed with standard ones, and have a mass in the eV range? Exploiting a Bayesian approach, we have analyzed the role of the two main parameters which affect the sensitivity of a PTOLEMY-like experiment, namely the emitted electron energy resolution and the tritium sample mass, forecasting an answer to each of the questions above.
The absolute neutrino mass scale is still an unknown parameter, though cosmological observations and present results from tritium decay constrain the sum of the neutrino masses to be less than 0.2 − 0.6 [5, [12] [13] [14] or 6 eV [7] , respectively. The KATRIN experiment is expected to provide a limit which enters into the region for the neutrino mass that is still marginally allowed by cosmology. In view of the larger tritium mass which would be used, this bound could be further improved by PTOLEMY, at the level of tens of meV or less with a 1 g tritium mass, independently of the electron energy resolution, provided m lightest is in the range 10-150 meV. Moreover, we have also found that there are interesting opportunities to check the neutrino mass hierarchy, from a different and independent approach than oscillation experiments. This can be achieved not only with the largest tritium mass considered in this paper, 100 g, but also with intermediate smaller amounts of order of grams or fractions of grams.
Of course the most ambitious goal of PTOLEMY is the detection of the CNB. We have performed an analysis of the detection sensitivity as a function of the tritium mass and the energy resolution. A tritium mass of the order of 100 g, unless the neutrino local clustering is much larger than what is obtained by simulations, is required. We report the discovery potential as function of the lightest neutrino mass and energy resolution, as shown in Fig. 5 . As expected, these two parameters are almost linearly correlated: a smaller electron energy resolution implies a better constraint on smaller neutrino mass scales, and, for example, with ∆ ∼ 100 meV, it would be possible to detect the CNB at ∼ 2σ if m lightest 120 meV. Despite the demanding technological issues in dealing with a large tritium mass, as well as in achieving high energy resolutions (which, however, are not so far from present values), we note that there are no other feasible approaches to directly unveil the CNB. The only other plausible one, the Stodolsky effect [64] , is much more challenging to be detected, if not simply impossible, if cosmological neutrinos have zero (or exceedingly small) chemical potential.
We have also considered the case of an extra sterile neutrino state with a mass of order eV and quite large mixing with active neutrinos. This sterile particle may help in solving the anomalies found in oscillation experiments, though the picture is still puzzling, since appearance and disappearance observations in short baseline experiment are only marginally in agreement once the 3+1 neutrino scenario is assumed [59] . Cosmological data strongly disfavor a relic density of these sterile neutrinos of the order of the standard ones. Since their contribution to the neutrino capture rate is also suppressed by their mixing angle sin 2 θ 14 ∼ 0.012, it seems difficult that they could be measured by their capture on tritium nuclei. It is much more promising that the features they would induce on the standard β decay spectrum could give more stringent constraints on their mass and mixing angles. In particular, we found that a sterile neutrino "detection" could be achieved by PTOLEMY, given the current preferred values of the best-fit mixing parameters, even in the case of a small detector with only 10 mg of tritium. In case of no observation, strong limits on the mixing angles will be derived.
In the future we plan to address a similar analysis for the case of a sterile neutrino with mass in the keV range, which has been considered as a warm dark matter candidate. If we assume that the whole dark matter is made by such particles, their local energy density would be of the order of GeV cm −3 , corresponding to a rather large local number density of 10 5 cm −3 , while their average density on cosmological scales is five orders of magnitude smaller. This means that the sterile states cannot have been produced in equilibrium in the early universe. This, together with astrophysical constraints, bounds the sterile-active mixing angle to be very small, sin 2 θ i4 ≤ 10 −8 [27] . We thus expect the sterile neutrino capture signal to be too small to be detected by PTOLEMY, while the analysis of the much larger event number expected in the β decay spectrum might provide bounds on both m 4 and mixing angles. For this analysis, however, a larger fraction of the β spectrum needs to be measured, as an observation around the endpoint is not sufficient to single out the kink corresponding to a mass in the keV range and the sterile neutrino presence would be degenerate with the normalization of the β spectrum.
Another interesting issue, which deserves further studies, is to use PTOLEMY-like experiments as a way to check the models for nuclear interactions and currents. The three-nucleon bound systems involved in the PTOLEMY experiment have been the object of intense theoretical studies since many years. They represent an ideal "laboratory" to test our understanding of how nucleons interact among themselves, as well as with external electroweak probes. In order to do so, the three-body Schrödinger equation has to be solved exactly. Nowadays, a variety of methods exists to this aim: among the most accurate ones we can list the so-called Hyperspherical Harmonics (HH) method (see Ref. [65] and references therein). Historically, the models for the nuclear interaction and currents have been derived within two different frameworks: a purely phenomenological one, and, more recently, the so-called chiral effective field theory approach (χEFT) (see Ref. [66] and references therein). The theoretical results for the cross section obtained within this "ab-initio" approach for the tritium decay and neutrino capture process will represent predictions which the PTOLEMY experiment results can check and validate for the unpolarized and, more interestingly, for the polarized rate.
